We report the first lattice QCD calculation of the form factors for the standard model treelevel decay Bs → K ν. In combination with future measurement, this calculation will provide an alternative exclusive semileptonic determination of |V ub |. We compare our results with previous model calculations, make predictions for differential decay rates and branching fractions, and predict the ratio of differential branching fractions between Bs → Kτ ν and Bs → Kµν. We also present standard model predictions for differential decay rate forward-backward asymmetries, polarization fractions, and calculate potentially useful ratios of Bs → K form factors with those of the fictitious Bs → ηs decay. Our lattice simulations utilize NRQCD b and HISQ light quarks on a subset of the MILC 2 + 1 asqtad gauge configurations, including two lattice spacings and a range of light quark masses.
I. INTRODUCTION
The decay B s → K ν occurs at tree-level in the standard model via the flavor-changing charged-current b → u transition, making it an alternative to B → π ν in the determination of |V ub | from exclusive semileptonic decays. The difference in these processes, a spectator strange quark in B s → K ν vs. a spectator down quark in B → π ν, is beneficial for lattice QCD simulations, because it improves the ratio of signal to noise. Though this process has not yet been observed, its measurement is planned at LHCb and is possible during an Υ(5S) run at BelleII. This provides a prediction opportunity for lattice QCD.
In addition to the calculation of form factors for B s → K, we also calculate their ratios with form factors for the fictitious B s → η s decay. Such ratios are essentially free of our largest systematic error, perturbative matching. In combination with a future calculation of B s → η s using a HISQ b quark, these ratios would yield a non-perturbative evaluation of the matching factor for the b → u current with NRQCD b quark. This matching factor would be applicable to B s → K ν and B → π ν simulations using NRQCD b quarks.
To include correlations among the data for both decays, correlation function fits must include vast amounts of correlated data. To make such fits feasible, we have developed a new technique, called chaining, discussed in Appendix A. In addition, the use of marginalization techniques developed in Ref. [1] significantly reduces the time required for the fits.
The chiral, continuum, and kinematic extrapolations * bouchard.18@osu.edu are performed simultaneously using the modified zexpansion [2, 3] with the chiral logarithmic corrections fixed by the results of hard pion chiral perturbation theory (HPChPT) [4, 5] . The factorization of chiral corrections and kinematics, as found at one-loop order by HPChPT, suggests the modified z-expansion is a natural choice for carrying out this simultaneous extrapolation. We refer to the combination of HPChPT chiral logarithmic corrections and the modified z-expansion as the HPChPT z-expansion.
II. FORM FACTORS AND MATRIX ELEMENTS
The vector hadronic matrix element is parameterized by the scalar and vector form factors f 0,+
where V µ =ūγ µ b and q µ = p
The scalar and vector form factors are related to f ,⊥ by
where p K is the kaon three-momentum. This discussion generalizes in a straightforward way for the B s → η s matrix elements.
III. SIMULATION
Ensemble averages are performed with the MILC 2 + 1 asqtad gauge configurations [6] listed in Table I . Valence quarks in our simulation are nonrelativistic QCD (NRQCD) [7] b quarks, tuned in Ref. [8] , and highly improved staggered (HISQ) [9] light and s quarks, the propagators for which were generated in Refs. [2, 3] . Valence quark masses for each ensemble used in the simulations are collected in Table I and correspond to pion masses ranging from, approximately, 260 MeV to 500 MeV.
Heavy-light B s meson bilinears Φ α Bs are built from NRQCD b and HISQ s quarks (for details see Ref. [8] ) and light-light kaon (and similarly for the η s ) bilinears Φ K are built from HISQ light and s quarks (for details see Ref. [2] ). From these bilinears we build two and three point correlation function data 
C K,p (t 0 , t) = 1 L 3
x,y e i p·(x−y) Φ K (t, y) Φ †
x,y,z e i p·(z−x) × Φ K (t 0 + T, x) J(t, z) Φ α † Bs (t 0 , y) , (9) where indices α, β specify b quark smearing. We generate data for both a local and Gaussian smeared b quark, with smearing function φ introduced via the replacement y → y,y φ(y − y) in Eqs. (7, 9) . Three point and daughter meson two point correlation function data are generated at four daughter meson momenta, corresponding to pL ∈ 2π{(000), (100), (110), (111)}. In three point data, these momenta are inserted at x in Fig. 1 . The sum over x in Eqs. (8, 9 ) is performed using random wall sources with U(1) phases ξ, i.e.
x → x,x ξ(x)ξ(x ). In the three point correlator a B s meson source is inserted at timeslice t 0 , selected at random on each configuration to reduce autocorrelations. The current J is inserted at timeslices t such that t 0 ≤ t ≤ t 0 + T and the daughter meson is annihilated at timeslice t 0 +T . Prior to performing the fits, all data are shifted to a common t 0 = 0. This three point correlator setup is depicted in Fig. 1 . Additional details regarding the two and three point correlation function generation can be found in Ref. [10] .
The flavor-changing current J is an effective lattice vector current V µ corrected through O(α s , Λ QCD /m b , α s /(am b )). The lattice currents that contribute through this order are
Matrix elements of the continuum vector current V µ are matched to those of the lattice vector current according to
where
The matching calculation is done to one loop using massless HISQ lattice perturbation theory [11] . In implementing the matching, we omit O (α s Λ QCD /m b ) contributions. Ref. [12] , which used asqtad valence quarks, found contributions of this order to be negligible. In Ref. [10] , which used HISQ valence quarks, these contributions to the temporal component of the vector current were studied and again were found to be negligible. We also omit O(Λ QCD /m b ) 2 relativistic matching corrections. These, and higher order, omitted contributions to the matching result in our leading systematic error. An estimate of this error, and its incorporation in our fit results, is discussed in the following section.
IV. CORRELATION FUNCTION FITS
Two and three point correlation function fit Ansätze, and the selection of priors, closely follows the methods of Ref. [10] . Two point B s data are fit to
where tildes denote oscillating state contributions and E sim Bs is the simulated B s energy. The physical ground state B s mass is related to the simulation ground state energy by
where M expt bb = 9.450(4) GeV [13] is adjusted from experiment to remove electromagnetic, η b annihilation, and charmed sea effects not present in our simulations, and E sim bb is the spin-averaged energy of bb states calculated on the ensembles used in the simulation and listed in Table I. The b quark smearing is indicated by indices α, β. Kaon and η s two point correlator data are fit to an expression of the form
Results of two point fits satisfy the dispersion relation and are stable with respect to variations in (N,Ñ ) and the range of timeslices included in the fits, as demonstrated for kaon two point data in Ref. [10] .
1 The zero momentum ηs has no oscillating state contributions due to mass degeneracy of its valence quarks.
Three point correlation function data are described by
where the three point amplitudes A, B, C, and D are proportional to the hadronic matrix elements. The ground state hadronic matrix element is obtained from
where the factor of 4/ √ 2 accounts for numerical factors introduced in the simulation and associated with taste averaging and HISQ inversion. In the correlator fits we include data for several temporal separations T between the mother and daughter mesons. On the coarse ensembles we include data for T = 13, 14, 15 while for the fine ensembles we include T = 23, 24 data.
On each ensemble we perform a simultaneous fit to two and three point correlation function data for the B s → K and B s → η s decays, at all simulated momenta, including both spatial and temporal currents, and for the temporal separations listed above. This ensures correlations among these data are accounted for in the analysis. However, fits to such large data sets produce unwieldy data covariance matrices and are typically not convergent, or require a prohibitively large number of iterations. This can be partially addressed by thinning the data, e.g. by the use of SVD cuts, but this reduces the accuracy of the fits.
To address this problem we introduce a technique, which we refer to as chaining, to simplify fits to very large data sets. Consider a data set consisting of N correlators, data = (correlator 1 , correlator 2 , . . . , correlator N ). Before the fit, all fit parameters are assigned priors. Chaining first fits correlator 1 then uses the best fit mean values and covariances to replace the corresponding priors in subsequent fits. The updated set of priors is then used in the fit to correlator 2 . In this and all subsequent fits, correlations are accounted for between the data being fit and those priors which are best fit results from previous fits -this is an important step as it prevents "double counting" data. After this 2 nd fit, the priors are again updated according to the best fit mean values and covariances. This process is repeated for all correlators. The collection of best fit mean values and covariances following the fit to correlator N are the final fit results. Chaining is described in greater detail in Appendix A.
We combine the use of Bayesian [14] , marginalized [1] , and chained fitting techniques. Our final fit results use marginalization with a total of (N,Ñ ) = (8, 8) states accounted for, of which (6, 1) are explicitly fit. We refer to such fits with the shorthand notation, (6, 1)/ (8, 8) . States accounted for but not explicitly fit are marginalized in that their contributions are subtracted from the data prior to the fit. This technique reduces significantly the time required to perform the fits. In Fig. 2 we show the stability of the fits under variations in the numbers of states explicitly included and the total number of states accounted for in the fit. The B s → K form factor results from the correlation function fits are tabulated in Table II and additional details are given in Appendix B.
The form factors obtained from these fits preserve correlations resulting from shared gauge field configurations and quark propagators used in data generation. The preservation of correlations is demonstrated in the top panel of Fig. 3 where, e.g., significant correlations among the B s → K form factor fit results are seen at common momenta and nonzero correlations among form factors for the two decays is suggested. The bottom panel of Fig. 3 shows the distribution over all ensembles of correlations among form factors for the two decays. Accounting for these correlations is useful in our determination of the ratio of form factors for the two decays. Fit results for B s → η s , and the resulting form factor ratios, are presented in Appendix D. 
V. CHIRAL, CONTINUUM, AND KINEMATIC EXTRAPOLATION
The results of HPChPT [4, 5] suggest a factorization, to at least one-loop order, of the soft physics of logarithmic chiral corrections and the physics associated with kinematics in the form factors describing semileptonic decays of heavy mesons,
The logarithmic chiral corrections, calculated in Ref. [5] for several B (s) decays, are independent of E. An unspecified function K characterizes the kinematics.
To obtain results over the full kinematic range one must include lattice simulation data over a range of energies. However, for any relevant physical scale Λ (e.g. Λ QCD , 1/r 1 , Λ ChPT , . . . ), E > ∼ Λ at nominal lattice momenta and there is no convergent expansion of the unknown function K(E) in powers of E/Λ. This is an inherent limitation of characterizing the kinematics in terms of energy. The energy of the daughter meson is a poor variable with which to describe the kinematics.
In contrast, the z-expansion [15] [16] [17] provides a convergent, model-independent characterization of the kinematics over the entire kinematically accessible range. Combining a z-expansion on each ensemble 2 with the HPChPT inspired factorization of Eq. (19) allows a simultaneous chiral, continuum, and kinematic extrapolation of lattice data at arbitrary energies. Because the chiral logs are the same for f and f ⊥ , linear combinations (i.e. f 0 and f + ) factorize in the same way and have the same chiral logs. Motivated by these observations, we construct a HPChPT-motivated modified z-expansion, which we call the "HPChPT z-expansion", and fit the lattice data of Tables II and IX, with accompanying covariance matrix, to fit functions of the form
where [logs] are the continuum HPChPT logs of Ref. [5] , and generic analytic chiral and discretization effects are accounted for by D k . Resonances above q 2 max but below the B s K production threshold, i.e. those in the range q 2 max < q 2 < (M Bs + M K ) 2 , are accounted for via the Blaschke factor, P = 1 − q 2 /M 2 res . Though not observed, we allow for the possibility of a J P = 0 + state in P 0 , with choice of mass guided by Ref. [13] . Our fit results are insensitive to the presence of this state. The factorization suggested by HPChPT may not hold at higher order [18] so we allow chiral analytic terms, which help parameterize effects from omitted higher order chiral logs, to have energy dependence (i.e. to vary with k).
We note that Eq. (20) is the modified z-expansion introduced in Refs. [2, 3] , with the coefficients of the chiral logarithmic corrections fixed by the results of HPChPT. In the chiral and continuum limits lim m→m physical a→0
and Eq. (20) is equivalent to the BCL parametrization [17] of the form factors.
Following Ref. [17] we impose a constraint on a
K from the expected scaling behavior of f + (q 2 ) in the neighborhood of q 2 max . The resulting fit function for f + is
We write f (q 2 , a), z(q 2 ), and D k (a), explicitly exposing the dependence on q 2 and a. This is useful in explaining the implementation of a second kinematic constraint we impose on the form factors. At the kinematic endpoint q 2 = 0, the continuum extrapolated form factors f 0 and f + are equal, i.e. f 0 (0, 0) = f + (0, 0). We impose this constraint by fixing the coefficient a
Imposing this constraint results in the fit function for f 0
In the fit functions for f 0 and f + , Eqs. (22, 24) , D k and [logs] are given by,
[logs] = − 3 8
with implicit indices in Eq. (25) specifying the scalar or vector form factor. We account for momentumindependent and momentum-dependent discretization effects in D k . The values of aE K that enter the fit are the values from the simulation and are, of course, small. Finite volume effects in the simulation are included via a shift δ F V in the pion log [19] . The infinite volume limit is taken by setting this shift to zero. Eq. (26) gives the HPChPT [5] result for the chiral logarithmic correction to B s → K form factors. These expressions make use of the dimensionless quantities
2 ηs )/3. We determine q 2 and z on each ensemble using correlator fit results for meson masses and simulation momenta. Light and heavy quark discretization effects are accommodated for by making the d
mild functions of the masses, accomplished by the replacements (30) where δx b = am b − 2.26 is chosen so that as am b varies over the coarse and fine ensembles −0.4 < ∼ δx b < ∼ 0.4. Lastly, we account for uncertainty associated with the perturbative matching of Sec. III. With the matching coefficients calculated in Ref. [11] , we findO(α s , Λ QCD /m b , α s /(am b )) contributions to be ∼ 4% of the total contribution to V 0 . Of this 4% the majority, ∼ 3.5%, comes from the one loop O(α s ) correction and < 1% from the NRQCD matching via J . For V k we find contributions at this order to be ∼ 2%, with ∼ 1% coming from the O(α s ) correction and < 1% from the NRQCD matching. The matching error results from omitted higher order corrections, the size of which we estimate from observed leading order effects, where we conservatively use the larger 4%. Following the arguments outlined in Ref. [10] we estimate the matching error to be the same size as the observed O(α s , Λ QCD /m b , α s /(am b )) contributions and take the matching error to be 4%. This is equivalent to taking the O(α 2 s ) matching coefficient to be four times larger than the O(α s ) matching coefficient ρ
). This uncertainty is associated with the hadronic matrix elements and therefore, by Eqs. (3, 4) , with f and f ⊥ . To correctly incorporate it in the results for f 0 and f + we convert our fit functions for f 0,+ into f ,⊥ , multiply by (1+m ,⊥ ), where m ,⊥ is a coefficient representing the matching error with a prior central value of zero and width 0.04, then convert back to f 0,+ before performing the fit. Schematically, we modify the fit functions, defined in Eqs. (22, 24) , by
then we use f The results of a simultaneous fit to the data for f BsK 0,+ and f Bsηs 0,+ , in which the maximum order of z (specified by K in Eqs. (22, 24) ) is 3 and χ 2 /dof = 84.0/70, are shown relative to the data in Fig. 4 for B s → K. Details of prior choices and fit results are given in Appendix C.
We test the stability of this fit to the following modifications of the fit Ansätze:
1. Truncate the z expansion at O(z 2 ). 
12 δx ηs (a/r 1 ) 2 .
8. Drop the sea-and valence-quark mass difference term
9. Drop the strange quark mistuning term δx ηs from Eq. (25).
10. Drop finite volume effects, i.e. set δ F V = 0 in Eq. (26) .
The stability of the B s → K fit results to these modifications is shown in Fig. 5 , where results are shown at the extrapolated q 2 = 0 point. This point is furthest from the data region where simulations are performed and therefore is particularly sensitive to changes in the fit function. In Fig. 5 our final fit result, as defined by Eqs. (22, 24) with K = 3 and by Eqs. (25) (26) (27) (28) (29) (30) , is indicated by the dashed line and gray band.
Modifications 1, 2, and 3 vary the order of the truncation in z and demonstrate that by O(z 3 ) fit results have stabilized and errors have saturated. We therefore conclude that the error of the O(z 3 ) fit adequately accounts for the systematic error due to truncating the z expansion.
Momentum-dependent and momentum-independent discretization effects proportional to a 4 are removed in modification 4. This results in a modest increase in χ 2 and a negligible shift in the fit result. This suggests our final fit, which includes the a 4 effects, adequately accounts for all discretization effects observed in the data.
In modifications 5 and 6 we remove heavy-and lightquark mass-dependent discretization effects with essentially no impact on the fit. That our results are independent of light-quark mass dependent discretization effects suggests that staggered taste violating effects are accommodated for by a generic a 2 dependence. Modification 7 tests the truncation of chiral analytic terms after NLO by adding the NNLO terms listed in Eq. (34). This results in a slight decrease in χ 2 but has no noticeable effect on the fit central value or error. From this we conclude that errors associated with omitted higher order chiral terms are negligible. Differences in sea and valence quark masses, due in part to our use of HISQ valence-and asqtad sea-quarks, are neglected in modification 8. This results in a small increase in χ 2 and negligible change in the fit results. We account for these small mass differences in our final fit, though this test suggests they are unimportant in the fit.
Effects due to strange quark mass mistuning on the ensembles are omitted in modification 9, resulting in a modest increase in χ 2 and no change in the fit central value and error. We include these effects in our final fit.
Modification 10 results in nearly identical fit results, suggesting that finite volume effects are negligible in our data. We include these effects in our final fit results.
VI. FORM FACTOR RESULTS
In this section we present final results, with a complete error budget, for the B s → K form factors. We provide the needed information to reconstruct the form factors and compare our results with previous model calculations. FIG. 6: B s → K form factor results from a simultaneous chiral, continuum, and kinematic extrapolation via the HPChPT z-expansion. The q 2 region for which lattice simulation data exist is indicated by the shaded region.
A. Fit errors for the HPChPT z-expansion
The inputs in our chiral, continuum, and kinematic extrapolation fits are data (the correlator fit results for f 0 and f + in Tables II and IX with the accompanying covariance matrix) and priors. The total hessian error of the fit can be described in terms of contributions from these inputs, as described in detail in Appendix A. We group priors in a meaningful, though not unique, way and discuss the error associated with the chiral, continuum, and kinematic extrapolation based on these groupings. As the priors are, by construction, uncorrelated with one another, we can group them together in any way we find meaningful. The resulting error groupings are uncorrelated and add in quadrature to the total error. In Fig. 7 we plot the following relative error components as functions of q 2 :
• experiment: This is the error in the fit due to uncertainty of experimentally determined, and other, input parameters. It is the sum in quadrature of the errors due to priors for the "Group I" fit parameters listed in Table VII . This error is independent of q 2 and subdominant.
• kinematic: This error component is due to the priors for the coefficients a (0,+) k in Eqs. (22, 24) . A comparison of the fit results from modifications 1, 2, and 3 in Fig. 5 shows that by O(z 3 ) the fit results have stabilized and errors have saturated. The kinematic error therefore includes the error associated with truncating the z-expansion. The extrapolation to values of q 2 for which we have no simulation data is controlled by the z-expansion. As a result, the growth in form factor errors away from the simulation region is due almost entirely to kinematic and statistical errors.
• chiral: This error component is the sum in quadrature of errors associated with priors for c (k) i in Eq. (25) . These terms are responsible for extrapolating to the physical light quark mass and for accommodating for the slight strange quark mistuning and the small mismatch in sea and valence quark masses due to the mixed action used in the simulation. As shown in Fig. 7 , these errors are subdominant and do not vary significantly with q 2 .
• discretization: We account for momentumdependent discretization effects via the e (k) (30) . The discretization error component, which is essentially independent of q 2 , is the sum in quadrature of the error due to the priors for these fit parameters.
• statistical: The statistical component of the error is due to uncertainty in the data, i.e. the errors from form factor fit results of Table II . Simulation data exist for q 2 > ∼ 17 GeV 2 for f 0 and over the range 17 GeV 2 < ∼ q 2 < ∼ 22 GeV 2 for f + . Extrapolation beyond these regions leads to increasing errors.
• matching: The matching error is due to the uncertainty associated with the priors for m ,⊥ introduced in Eq. (32) and discussed in the surrounding text.
In addition to the largest sources of error, which we account for directly in the fit, there are remaining systematic uncertainties.
We simulate with degenerate light quarks and neglect electromagnetism. By adjusting the physical kaon mass (M K ± → M K 0 ) used in the chiral, continuum and kinematic extrapolation, we estimate the "kinematic" effects of omitting electromagnetic and isospin symmetry breaking in our simulation to be < ∼ 0.1%. It is more difficult to determine the size of the full effects. However, in general electromagnetic and isospin effects are expected to be sub-percent. We assume the error in our form factor calculation due to these effects is negligible relative to other sources of uncertainty.
Our simulations include up, down, and strange sea quarks and we assume omitted charm sea quark effects are negligible. This has been the case for processes in which it has been possible and appropriate to perturbatively estimate effects of charm quarks in the sea [20] .
Our final form factor results, multiplied by the Blaschke factor P 0,+ , are shown in Fig. 8 where they are compared with results from a model calculation using perturbative QCD (pQCD) [21] and a relativistic quark model (RQM) [22] . Our results provide significant clarification on the form factors at large q 2 . In the physical limit our form factor results are parameterized in a BCL [17] (21)). Including the kinematic constraint and terms through order z 3 , we have [22] . To ease comparison the vertical scale is reduced by multiplying the form factors by the Blaschke factor P 0,+ .
where , derived from the extrapolation fit results of Sec. V, and the associated covariance matrix, are given in Table III. Note that it is necessary to take into account the correlations among the coefficients to correctly reproduce the form factor errors.
VII. PHENOMENOLOGY
With the benefit of ab initio form factors from lattice QCD, we explore the standard model implications of our results. In this section we make standard model predictions for several observables related to the B s → K ν decay for = µ and τ .
The standard model B s → K ν differential decay rate is related to the form factors by
In Fig. 9 
Combining our form factor results with the current 3 inclusive and exclusive semileptonic determinations of |V ub |,
we demonstrate in Fig. 10 with these predictions, especially for the B s → Kτ ν decay or at large q 2 for the B s → Kµν decay, would allow differentiation between the current inclusive and exclusive values of |V ub |.
Decays that couple to the τ have increased dependence on the scalar form factor and to new physics models with scalar states (see, e.g. Refs. [23, 24] for a discussion of new physics in the closely related decay B → πτ ν). The ratio of the B s → Kτ ν differential branching fraction to that for B s → Kµν,
is therefore a potentially sensitive probe of new physics. Integrating over the full kinematic range, we find where
We plot the standard model prediction for this ratio over the full kinematic range of q 2 in Fig. 11 .
The angular dependence of the differential decay rate, neglecting final state electromagnetic interactions, is given by
where θ is defined, in the q 2 rest frame (i.e. where p + p ν is zero), as the angle between the final state lepton and the B s meson. From this angular dependence we can extract a forward-backward asymmetry [27] ,
which is suppressed in the standard model by a factor of m 2 /q 2 . In Fig. 12 we show standard model predictions for the forward-backward asymmetry using the inclusive and exclusive values for |V ub |. Integrating over the full 
Normalizing the forward-backward asymmetry by the differential decay rate removes |V ub | ambiguity and most hadronic uncertainties,
and represents the probability the lepton will have a momentum component, in this frame, in the direction of mo- The production of right-handed final state leptons is helicity-suppressed in the standard model, providing a probe of non standard model helicity-violating interactions. The standard model differential decay rates for left-handed (LH) and right handed (RH) polarized final state leptons in B s → K ν decays is [27] dΓ(LH)
and the -polarization distribution is given by the difference
We plot the τ -polarization distribution, again using the inclusive and exclusive values of |V ub | from Eqs. (44, 45), in Fig. 14 . Because of their relatively small mass, muons produced in the decay are predominantly left-handed and the plot of A µ pol is equivalent to the total differential decay rate. Integrating the -polarization distributions over q 2 gives
As with the forward-backward asymmetry, we normalize the -polarization distribution by the differential decay rate to remove ambiguity associated with |V ub | and hadronic uncertainties. The resulting polarization fraction [27] is defined bȳ 
where the error associated with the numerical integration ofĀ µ pol (±0.079) has been truncated to satisfy the constraint thatĀ pol < 1. The q 2 dependence of thepolarization fraction is plotted in Fig. 15 .
VIII. SUMMARY AND OUTLOOK
Using NRQCD b and HISQ light and strange valence quarks with the MILC 2 + 1 dynamical asqtad configurations, we report on the first lattice QCD calculation of the form factors for the semileptonic decay B s → K ν.
With the help of a new technique, called chaining, we fit the B s → K correlator data simultaneously with data for the fictitious decay B s → η s . Fitting these data simultaneously accounts for correlations -useful for constructing ratios of form factors. We extrapolate our lattice form factor results to the continuum, to physical quark mass, and over the full kinematic range of q 2 using a combination of the modified z-expansion and HPChPT that we refer to as the HPChPT z-expansion.
We then make standard model predictions for:
• differential decay rates divided by |V ub | 2 , an observable that, when combined with experiment, will allow an alternative semileptonic exclusive determination of |V ub |,
• differential branching fractions using both the inclusive and exclusive semileptonic B → π ν determinations of |V ub |,
• the ratio of differential branching fractions R τ µ (q 2 ),
• the forward-backward asymmetry, using inclusive and exclusive values of |V ub |,
• the normalized forward-backward asymmetry,
• the τ -polarization distribution in the differential decay rate for B s → Kτ ν, and
• the -polarization fraction in the differential decay rate for B s → K ν, for = µ, τ .
In Appendix D we construct ratios of form factors for B s → K with those for B s → η s . In combination with a future calculation of B s → η s using HISQ b, these ratios can provide a nonperturbative determination of the b → u current matching factor. This would be relevant for both B s → K ν and B → π ν simulations using NRQCD b quarks.
Our results, built on first principles lattice QCD form factors, greatly clarify standard model expectations [27] based on model estimates of form factors [21, 22, 28] , most notably at large q 2 . Combining our form factors, which are most precise at large q 2 , with model calculations, typically more reliable at low q 2 , would result in a more precise determination of f 0 and f + . We are studying the possibility of further refining B s → K ν standard model predictions using such form factors.
Appendix A: Fitting Basics
Here we describe in more detail two aspects of our statistical analysis: 1) the definition of our error budgets for fit results; and 2) the technique for chained fits of multiple data sets. We also discuss a general procedure for testing fit procedures. These are general techniques applicable to many types of fitting problems [29] . Finally we illustrate these ideas with an example drawn from this paper.
Fits and Error Budgets
The formal structure of a least-squares problem involves fitting input data y i with functions f i (p) by adjusting fit parameters p α to minmize
where cov ij is the covariance matrix for the input data and
There are generally two types of input data -actual data, and prior data for each fit parameter -but we lump these together here since they enter χ 2 (p) in the same way. So the sums here over i and j are over all data and priors. Note that priors and data may be correlated in some problems.
The best-fit parameters p α are those that minimize χ 2 :
where the derivative ∂ α ≡ ∂/∂p α . The inverse covariance matrix, ∂ α ∂ β χ 2 (p)/2, for the p α is then given by
where we neglect terms proportional to ∆y (which makes sense for reasonable fits to accurate data). This is the conventional result.
The uncertainties in the p α are due to the uncertainties in the input data y i , and, for very accurate data, depend linearly upon cov y . The relationship can be demonstrated by differentiating Eq. (A3) with respect to y j to obtain
where again we neglect terms proportional to ∆y. Solving for ∂p β /∂y j gives:
In the high-statistics, small-error limit the covariances in the p α are related to those in the y i by the standard formula
and, indeed, substituting Eq. (A6) into this equation reproduces Eq. (A4) for cov p . Eqs. (A6) and (A7) allow us to express the error σ g for a function g(p) of the best-fit parameter values in terms of the input errors:
and Eq. (A6) is used to evaluate ∂p α /∂y i . We can then decompose σ 2 g into separate contributions coming from the different block-diagonal submatrices of cov y . These contributions to σ g constitute the error budget for g(p).
The c ij s in Eq. (A8) depend upon both the y i and their covariance matrix, but that dependence can be neglected to leading order in cov y . Consequently Eq. (A8) can be used to estimate the impact on σ g of possible modifications to any element of cov y .
Note that the data's covariance matrix cov y can be quite singular if there are strong correlations in the data. This can make it numerically difficult to invert the matrix for use in χ 2 (p). This problem is typically dealt with by using a singular value decomposition (SVD) to regulate the most singular components of the covariance matrix. In our fits we rescale the covariance matrix by its diagonal elements to obtain the correlation matrix, which we then diagonalize. We introduce a minimum eigenvalue by setting any smaller eigenvalue equal to the minimum. We then reconstitute the correlation matrix, and rescale it back into a (less singular) covariance matrix which we use in the fit. This procedure, in effect, increases the error in the data and so increases the uncertainties in the final fit results; it is a conservative move.
It is common when using SVD to discard eigenmodes corresponding to the small eigenvalues. This is equivalent to setting the variance associated with these modes to infinity in the fit. In our implementation, all eigenmodes are retained, but the small eigenvalues are replaced by a (larger) minimum eigenvalue. This is a more realistic estimate for the variances of these modes -that is, more realistic than setting them to infinity -and gives more accurate fit results.
Chained Fits
Chained fits simplify fits of multiple data sets whose fit functions share fit parameters by allowing us to fit each data set separately. To illustrate, consider two sets of data, y i (A) and y j (B), that we fit with functions f i (A, p) and f j (B, p), respectively -both functions of the same fit parameters p α (unlike the previous section, here we do not lump the priors in with the ys). The fit procedure is straightforward in a Bayesian framework if y(A) and y(B) are statistically uncorrelated. We first fit, say, data set y(A) to obtain best-fit estimates p(A) for the parameters and an estimate cov p(A) for the parameters' covariance matrix. We then fit data set y(B), but using p(A) and cov p(A) to form the prior for the fit parameters.
This two-step fit merges the information contained in y(A) with that from y(B) by feeding the information from the first fit into the second fit as prior information. The order in which the data sets are fit doesn't matter in the high-statistics (Gaussian) limit; with larger errors, it is better to fit the more accurate data set first. The χ 
using Eq. (A6) in the previous section. This correlation must be included in the second fit, to data set y(B). So the second fit uses the best-fit parameters p(A) from the first fit to construct the prior, together with cov p(A) for parameter-parameter covariances and cov p(A)y(B) for parameter-data covariances. We refer to a sequential fit of multiple data sets, where the best-fit parameters and covariance matrix from one fit are used as the prior for the next fit, as a chained fit. It is essential in such fits to account for possible correlations between the priors (from previous fits) and the data being fit at each stage. The results of a chained fit should agree with those of a simultaneous fit in the limit of large (i.e., Gaussian) statistics.
Testing Fits
It is generally useful to have ways of testing particular fit strategies. One simple approach to testing is to create multiple fake data sets that are very similar to the actual data being fit, but where the exact values for the fit parameters are known ahead of time. Running several such data sets through an analysis code tells you very quickly whether, for example, your analysis code gives results that are correct to within one sigma 68% of the time, as is desired.
It is easy to create fake data sets of this sort. One simple recipe is the following:
1. Fit the actual data to obtain a set of parameter values p * α such that the fit function f i (p * ) closely matches the mean values y i of the actual data. Calculate the difference between the actual means of the data and the fit values for p = p * :
2. Create a bootstrap copy y bs i of the original data and replace its mean values by:
The fake data set then consists of the mean values y * i and the covariance matrix cov y of the original data. The role of the bootstrap here is to generate fluctuations in the means with the same distribution as the original data. These data sets will fluctuate around central values f i (p * ) rather than the original means of the data.
3. Repeat the second step to create any number of additional fake data sets.
Each fake data set is fit using the same procedure that was used to analyze the original data. The results for the fit parameters are compared with the parameter values p * used to define the correction δy i (Eq. (A11)), since, by construction, these are the correct values for the parameters in the fake data.
Typically only a handful of parameters from a fit are of interest. Their best-fit values from different fake data sets will differ, but they should all agree with the p * values to within the errors generated by the fake fit (that is, to within one sigma 68% of the time, two sigma 95% of the time, and so on). Such tests can reveal, for example, potential problems coming from poor priors or inadequate SVD cuts, or biases in particular combinations of fit parameters.
Example
We compare chained and unchained fit results in Fig. 16 . Because unchained fits to very large data sets are unreliable, for purposes of comparison we divide the data into the smallest subsets that allow the extraction of individual matrix elements. Such fits are uncorrelated in that they neglect correlations among data at different momenta, for different currents, and among the two decays. The uncorrelated fits include only one decay mode (B s → K or B s → η s ), data for only one simulation momentum (000, 100, 110, or 111), and only one current (V t or V k ). These fits are still complicated, however, as they require the minimum amount of data needed to extract a single matrix element. This minimum number of correlators consists of parent and daughter two point and three point data, i.e. B s → B s , η s → η s (000), and B s → V t → η s (000). Including correlations results in marked improvement in the accuracy of matrix elements obtained from the noisiest data -that for V k at
uncorrelated (6, 6) chained (8, 8) chained, marginalized (6,1)/ (8, 8) FIG . 16 : B s → η s three point ground state amplitudes, for varying currents and momenta, as obtained from different fitting strategies described in the text. Plotted central values indicate the number of standard deviations by which a fit result differs from an "uncorrelated" fit. The size of the error bars is the ratio of the plotted fit error to that from an uncorrelated fit.
large momenta. This improvement can be traced to correlations of these data with the more precise data for V t (for the same decay and at a common momentum), as demonstrated in Fig. 3 . In addition to properly accounting for correlations in the data, chaining reduces the time required to perform the fits. While the uncorrelated fits required a total of 1 hour 14 minutes, the chained (8, 8) The method for selecting priors for correlator fits was described in detail in Appendix B of Ref. [10] . We use the same method in this analysis. Tables IV, V, and VI tabulate priors and fit results for ground state energies. They compares results obtained from fits to two point correlation function data to those from simultaneous fits to two and three point correlation function data, as described in Sec. IV. The combined fits show improved precision for the B s meson mass the larger momenta daughter meson energies, suggesting that the three point correlation function data provide additional information to the fit. Within errors, the two point and simultaneous two and three point fit results are consistent. . The M Bs − M B and hyperfine splittings are taken from the PDG [25] . We tested increasing the uncertainty in the location of the scalar pole, which we have taken to be 400(1) MeV above the J P = 0 − state. A splitting of 400(50) MeV gives identical results for the form factors, in both the central value and error, but accommodates for part of the error in f 0 via allowed uncertainty in M 0 . To reconstruct the form factors in this case, correlations between P 0 and the coefficients of the z-expansion must be accounted for. By effectively fixing M 0 we arrive at the same fit results and can neglect uncertainty in P 0 and correlations with the coefficients. The 4% uncertainty associated with the perturbative matching is accounted for by m and m ⊥ , where we use prior central values of zero and width 0.04, as explained by Eq. (32) and surrounding text. Matrix elements for B s → K and B s → η s use the same matching factors so we use common m ,⊥ for both data sets. We use values for r 1 /a from Ref. [6] and M asqtad π,K from Ref. [32] . We use values for M HISQ π,K,ηs and M Bs from best fit results in this and an ongoing B → π analysis using HISQ valence quarks.
The Group II parameters of Table VII are quantities determined by the fit. We choose priors for a k to be 0 ± 5, based roughly on the unitarity constraint, and verified that fit results are insensitive to variations in the prior width from 1 to 10. Chiral analytic terms are written in terms of dimensionless parameters that are naturally O(1). For this reason we use priors of zero with width one for c 1 and c 3 . Based on previous analyses using the same ensembles we know that sea-quark effects are smaller than those of the valence quarks, so we choose priors for c 2 to be 0 ± 0.3. The leading order HISQ discretization effects are O(α s a 2 ), so for the coefficients d 1 and e 1 which characterize the O(a 2 ) discretization effects, we choose priors of 0 ± 0.3. Coefficients d 2 and e 2 characterize O(a 4 ) effects and we use 0 ± 1. The coefficients h and l characterize light-and heavy-quark massdependent discretization effects. These terms are written in terms of O(1) quantities and we take the coefficients to have priors of 0 ± 1. The results of B s → η s correlator fits are tabulated in Table IX and plotted as data points in the top two panels of Fig. 17 . From these plots one sees that simulation data exhibit very small light sea quark mass and lattice spacing dependence. These fit results are obtained from a single fit to both the B s → K and B s → η s data described in Sec. IV. As a result, the B s → η s fit results of Table IX are correlated with the B s → K results of Table II , as shown in Fig. 3. The B s → η s form factor data of Table IX is extrapolated to the physical quark mass, the continuum limit, and over the entire kinematic range using the HPChPT z-expansion described in Sec. V. This fit is also done simultaneously with the extrapolation of the B s → K data. The fit functions for the simultaneous chiral, continuum, and kinematic extrapolation of B s → η s are equivalent to those of Sec. V, with Eqs. (25, 26) modified as follows:
2 (a/r 1 )
[logs] = − 1 + 3g
with implicit indices in Eq. (D1) specifying scalar or vector form factor. Results of this fit for the B s → η s form factors are shown relative to data, and extrapolated over the full kinematic range of q 2 , in Fig. 17 . The HPChPT z-expansion stability analysis outlined in Sec. V involved simultaneous fits to both B s → K and B s → η s data. The B s → η s fit results for each of the modifications discussed in that analysis are shown in Fig. 18 . Because these results are from a simultaneous fit, the values of χ (middle) relative to fine ensemble data (F1 and F2), and (bottom) in the continuum limit with physical masses, extrapolated over the full kinematic range.
in Fig. 5 are applicable here as well and are reproduced for convenience in Fig. 18 . Note that the chiral analytic terms for B s → η s differ slightly from those for B s → K, 
